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ON GENERALIZED HILBERT-KUNZ FUNCTION AND MULTIPLICITY
HAILONG DAO AND ILYA SMIRNOV
Abstract. Let (R,m) be a local ring of characteristic p > 0 and M a finitely generated
R-module. In this note we consider the limit: lim
n→∞
ℓ(H0
m
(Fn(M)))
pn dim R
where F (−) is the Peskine-
Szpiro functor. A consequence of our main results shows that the limit always exists when R
is excellent, equidimensional and has an isolated singularity. Furthermore, if R is a complete
intersection, then the limit is 0 if and only if the projective dimension of M is less than the
Krull dimension of R. We exploit this fact to give a quick proof that if R is a complete
intersection of dimension 3, then the Picard group of the punctured spectrum of R is torsion-
free. Our results work quite generally for other homological functors and can be used to
prove that certain limits recently studied by Brenner exist over projective varieties.
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1. Introduction
For local algebras in positive characteristic there is an intrinsic theory of multiplicity
that is derived from the Frobenius endomorphism. This notion is called the Hilbert-Kunz
multiplicity and was introduced by Kunz and Monsky ([31, 26]). Recently this theory have
been intensely studied due to connections to tight closure theory, birational geometry, and its
inherent very interesting and mysterious behavior. For a recent survey we refer the interested
to ([22]).
Date: September 24, 2018.
1991 Mathematics Subject Classification. Primary: 13A35; Secondary:13D07, 13H10.
Key words and phrases. Frobenius endomorphism, generalized Hilbert-Kunz multiplicity, local cohomol-
ogy, Ext,Tor, isolated singularity.
The first author is partially supported by NSF grant 1104017. Part of this work is supported by the
National Science Foundation under Grant No. 0932078 000, while the authors were in residence at the
Mathematical Science Research Institute (MSRI) in Berkeley, California, during the Commutative Algebra
year in 2012-2013.
1
2 HAILONG DAO AND ILYA SMIRNOV
Let (R,m) be a local ring of characteristic p and dimension d, andM be a finitely generated
R-module. If I is an m-primary ideal, then I [p
n], the ideal generated by the pn-powers of the
elements of I, is also m-primary. Thus, M/I [p
n]M has finite length and we can define the
Hilbert-Kunz multiplicity of M with respect of I as the limit of a sequence,
eHK(I,M) = lim
n→∞
ℓ(M/I [p
n]M)
pnd
.
The existence of this limit is not trivial and is a result of Monsky ([31]). The sequence of
lengths ℓ(M/I [p
n]M) is often called the Hilbert-Kunz function of M with respect to I.
This definition can be extended to an arbitrary finite length module. To do so, let nR
denote an R-algebra obtained by the n-th iterate of the Frobenius endomorphism, i.e., nR is
abstractly isomorphic to R as a ring and rns = n(rp
n
s) for any elements r ∈ R and ns ∈ nR.
Then, for any finite length module N we can use Monsky’s technique (see Theorem 2.4) to
show the existence of
eHK(N) = lim
n→∞
ℓnR(N ⊗R
nR)
pnd
.
It is easy to see that we indeed recover the original definition from the finite length module
N = M/IM .
In this paper we propose a further extention to arbitrary finitely generated modules, and,
thus, not necessary m-primary ideals. Namely, if M still denotes a finitely generated R-
module, we study the following function
fMgHK(n) := ℓnR(H
0
m(F
n(M ⊗R
nR)))
and the limit (if it exists!)
egHK(M) := lim
n→∞
fMgHK(n)
pnd
,
which we respectively call the generalized Hilbert-Kunz function and generalized Hilbert-Kunz
multiplicity of M . Indeed, it is still not hard to see that if I is an m-primary ideal, then
f
R/I
gHK(n) is the usual Hilbert-Kunz function.
As far as we know, fMgHK appears for the first time in a paper by Ian Aberbach [1] where it
was shown that when R is a domain essentially of finite type over a field and dimR/I = 1,
then
f
R/I
gHK(n)
qd
is bounded from above. Recently, a much more general form of this definition
was studied by Epstein-Yao in [20] (see Definition 2.2).
However, the main inspiration for our work and the used definition is a recent astonishing
result by Cutkosky ([11, Corollary 11.3]), who showed that under very mild conditions, the
limit:
lim
n→∞
ℓ(H0m(R/I
n))
nd
exists. This limit is called ǫ-multiplicity and was first defined as a lim sup by Katz and
Validashti in [24].
Our main results show that under some assumptions, the generalized versions of Hilbert-
Kunz multiplicity behave in a remarkably similar manner to the classical ones. We give a
summary in the theorem below, and refer Corollaries 3.6 and 4.5 for the proofs.
ON GENERALIZED HILBERT-KUNZ FUNCTION AND MULTIPLICITY 3
Theorem 1.1. Suppose that Mp has finite projective dimension for every prime ideal p 6= m
(this always holds when R has an isolated singularity). Then
(1) If R is excellent, equidimensional and and locally Cohen-Macaulay on the punctured
spectrum, egHK(M) exists.
(2) If R is Cohen-Macaulay, egHK(M) exists.
(3) If R is a complete intersection, then egHK(M) = 0 if and only if pdM < dimR.
Statement (3) is related to two different facts about complete intersections: Dutta and
Miller have proved ([15, 29]) that if ℓ(M) <∞ then egHK(M) = ℓ(M) if and only if pdM <
∞; and it was shown in [13] that under the assumptions of the Theorem, fMgHK(n) = 0 for
some n if and only if pdM < dimR. Example 4.6 further shows (3) is not true if R is only
assumed to be Gorenstein or if we omit the assumption on the projective dimension.
In fact, the methods we employ, which are homological, give more general results on the
asymptotic behavior of various functors on the iterations of the Frobenius endomorphism,
see 4.7, 4.9, 4.11, 4.12. Results in the same spirit have been obtained by a number of authors
([2, 6, 16, 28, 30]).
For instance, we are able to prove that limits exist for higher local cohomology modules
(see Theorem 3.3). A special case of that result yields:
Corollary 1.2. Suppose that either R is Cohen-Macaulay or excellent and locally Cohen-
Macaulay on the punctured spectrum. LetM a finitely generated R-module such that pdRp Mp <
d− k on the punctured spectrum, then
lim
n→∞
ℓR(H
k
m(F
n(M)))
pnd
exists.
In particular, if M is locally free on the punctured spectrum, the limit above exists for all
k < d.
These higher Hilbert-Kunz functions have recently appeared in the work of Brenner, who
denotes them as HKi(M). In fact, Brenner used our results, Theorems 4.15 and 5.2, to
show that there exists a finite length module over a local hypersurface with the irrational
Hilbert-Kunz multiplicity ([7]). Furthermore, from this he is able to deduce that the Hilbert-
Kunz multiplicity of a local ring may be irrational, thus providing a negative answer to a
long-standing question.
Several other applications follow. For example, one can prove that certain limits, studied
by Brenner ([7]) over projective varieties, exist. In the following F n∗ denote the nth-iteration
Frobenius pull-back.
Corollary 1.3. Let X be a polarized projective variety over a field k of characteristic p of
dimension d, with a fixed very ample invertible sheaf OX(1). Let F be a vector bundle on
X. Then for each 0 < k < dimX the limit
lim
n→∞
∑
m∈Z h
k((F n∗F)(m))
pn(d+1)
exists if X is (Sk+2).
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As another application we can prove an effective version of the fact that over a complete
intersection, the Picard group of punctured spectrum has no torsion elements (see Theorem
4.15).
Theorem 1.4. Let R be a local ring satisfying Serre’s condition (S2) and dimR ≥ 3. Let I
be a reflexive ideal that is locally free on SpecR − {m}. Then
(1) lim
n→∞
ℓ(H2m(I
(q)))
qd
= lim
n→∞
ℓ(H2m(I
⊗q))
qd
exists.
(2) When R is a complete intersection, the limit in part (1) is 0 if and only if I is
principal. In particular, the Picard group of SpecR− {m} has no torsion elements.
Other aspects of the theory, such as the connections to tight closure theory and F -
singularity of pairs, and some computations of generalized Hilbert-Kunz limits, will be dealt
with in forthcoming works ([18], [19]). We also want to mention recent papers that deal
with some issues raised in the preprint version of this work. For example, [8] computes
egHK(M) over a 2-dimensional graded normal domain using geometric techniques, while [36]
generalizes Proposition 3.16.
2. Preliminaries
Let R be a commutative ring of characteristic p > 0 and f : R → R be the Frobenius
endomorphism, a 7→ ap. The Frobenius endomorphism gives rise to two important functors.
First, as explained above it is useful to consider nM , the restriction of scalars from the
iterated Frobenius map. The most important instance is the algebra nR, which, if R is
reduced, can be identified with the ring of pn-roots R1/p
n
. For any R-module M , nM is
naturally an nR-module, nr · nm = nrm. Being a restriction of scalars, nM is an exact functor.
The Peskine-Szpiro functor, introduced by Peskine and Szpiro in [33], originates from
the base change along the Frobenius endomorphism: F nR(M) is an R-module such that
n(F nR(M)) = M ⊗R
nR as nR-modules. It is also possible to obtain F nR(M) by endowing the
abelian group M ⊗R
nR with an R-module structure via the usual multiplication in R on the
right-hand factor of the tensor product. The Peskine-Szpiro functor is right-exact and the
values of the derived functors TorRi (M,
nR) are similarly viewed as R-modules via the target
of the base change map.
It is easy to verify that F n(R) ∼= R and that for cyclic modules F n(R/I) ∼= R/I [q], where
q = pn and I [q] denotes the ideal generated by the qth powers of the generators of I. Here
and henceforth, we will frequently use q to denote the power pn, which may vary.
We will use ℓ(M) and pdM to denote the length and projective dimension, respectively,
of the module M . By codimension of M , we mean dimR − dimM . We use the notation x
for a sequence of elements of R and often write simply R/x for R/(x) to save space. We say
that a ring R is F -finite, if nR is a finitely generated R-module for any (equivalently, all) n.
If f, g : N → R is are sequences, we say that f = O(g) if there exists a constant C such
that f(n) ≤ Cg(n) for all n. We say that f = o(g) if lim
n→∞
f(n)/g(n) = 0.
Definition 2.1. Let M be an R-module. One defines the infinite projective dimension locus
of M as
IPD(M) = {p ∈ SpecR | pdRp Mp =∞}.
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The category of modulesM with IPD(M) ⊆ {m}, the modules that have the finite projec-
tive dimension on the punctured spectrum, contains all modules of finite lengths, modules
of finite projective dimensions and is closed under taking extension, direct summand, ker-
nel of epimorphism and cokernel of monomorphism. In particular, when R has an isolated
singularity, all finitely generated modules satisfy this property.
Now, we can introduce our main object of study.
Definition 2.2. Let M be a finitely generated module over R. One defines
e+gHK(M) = lim sup
n→∞
ℓ(H0m(F
n(M)))
pndimR
and
e-gHK(M) = lim inf
n→∞
ℓ(H0m(F
n(M)))
pndimR
.
If e+gHK(M) = e
-
gHK(M) we denote the same value by egHK(M). We call f
M
gHK(n) :=
ℓ(H0m(F
n(M)) the generalized Hilbert-Kunz function of M .
This can be seen as a special case of relative multiplicity defined by Epstein-Yao in [20].
In their notation e+gHK(M) = u
+
M(0,M) and e
-
gHK(M) = u
−
M(0,M).
Remark 2.3. Since nM is an exact functor, n(R/m) is the residue field of nR and ℓnR(
nM) =
ℓR(M) for any finite length module M . Furthermore,
nH0m(M)
∼= H0m(
nM) for any finitely
generated module M . For example, this can be seen using the definition of the local coho-
mology via the Cech complex and the fact that nRf ∼= (
nR)f , because it does not matter if
we invert f or f p
n
. Thus
ℓR(H
0
m(F
n(M))) = ℓnR(H
0
m(M ⊗R
nR))
and we see that Definition 2.2 is equivalently to the definition given in Introduction.
Monsky have proved existence of the limit in the definition of Hilbert-Kunz multiplicity
in [31]. The following theorem of Seibert ([34]) can be considered as the most general
result that follows by Monsky’s proof; the original statement can be recovered by taking
g(M) = ℓ(M/IM).
Theorem 2.4. Let R be a local F -finite ring of characteristic p with a perfect residue field
and consider a family C of finitely generated R-modules such that for any short exact sequence
0→M ′ →M → M ′′ → 0
M ∈ C if and only if M ′,M ′′ ∈ C. Let g be a function C→ R such that
(1) g(M) ≤ g(M ′) + g(M ′′) for any short exact sequence as above,
(2) g(M ⊕N) = g(M) + g(N) for any M,N ∈ C.
Suppose that all modules in C have dimension at most j, then for any M ∈ C there is a
constant c(M) such that
g(nM) = c(M)qj +O(qj−1).
We will need a full version to deal with a spectral sequence argument in the next section.
However, it is often enough to consider the family of all finitely generated R-modulesmod(R)
and the theorem can be applied to a variety of different functions.
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Example 2.5. Let i ≥ 0 be an integer and N be a module such that Tori(N,X) (respectively
Exti(N,X)) has finite length for all X ∈mod(R). Then g(M) = ℓ(Tori(N,M)) (respectively
g(M) = ℓ(Exti(N,M))) satisfies the conditions of Theorem 2.4.
We will also need the following celebrated result of Peskine and Szpiro ([33, The´ore`me 1.7,
The´ore`me 1.13]).
Theorem 2.6. Let R be a Noetherian ring of characteristic p > 0. Let M be a finitely
generated R-module of finite projective dimension. Then TorRi (M,
nR) = 0 for all n > 0 and
i > 0, thus F e(M) is a module of finite projective dimension, and for every prime ideal p of
R
pdRp((F (M))p) = pdRp(Mp).
In particular, if
0→ Fs
ϕs
−→ Fs−1 → . . .→ F1
ϕ1
−→ F0
is an exact complex of free modules then the complex
0→ Fs
ϕ
[q]
s
−−→ Fs−1 → . . .→ F1
ϕ
[q]
1−−→ F0
is exact, where the maps ϕ
[q]
i are obtained by raising the entries of the matrix defining ϕi to
power q.
The following immediate corollary will be used extensively.
Corollary 2.7. Let (R,m) be a Noetherian local ring of characteristic p > 0 and M be a
finitely generated R-module. Suppose IPD(M) ⊆ {m}, then TorRi (M,
nR) has finite length
for all i, n > 0.
We want to finish with a technical observation that will help us to reduce to a case where
Theorem 2.4 can be applied. Namely, the construction allows us to pass, without changing
the sequence fngHK(M), to a complete ring with a perfect residue field, which is F-finite by
Corollary 2.6 of [26].
Proposition 2.8. Let (R,m) be a local ring of positive characteristic p and consider the
following well-known construction
R→ R̂→ R̂ ⊗̂k k
∞ =: S,
where k∞ is the perfect closure of a coefficient field k of R̂.
Then S is a complete F-finite faithfully flat local R-algebra with a perfect residue field and
the maximal ideal mS. Moreover, this extension has the following properties:
(1) ℓR(H
i
m(F
n
R(M))) = ℓS(H
i
mS(F
n
S (M ⊗R S)));
(2) if IPD(M) ⊆ {m}, then IPD(M ⊗R S) ⊆ {mS};
(3) if R is excellent and satisfies (Sn) on the punctured spectrum(or on the whole spec-
trum) S will satisfy the same property;
(4) if R is excellent and equidimensional, S is also equidimensional.
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Proof. First, S is flat because of the flatness of completion and complete tensor product over
a field. Also, S is local as the complete tensor product of local k-algebras and its residue
field can be computed as
S/mS ∼= k∞ ⊗̂kR⊗R R/m ∼= k
∞ ⊗̂k k ∼= k
∞.
Since S is flat and local cohomology commutes with flat extensions, for any R-module M
we have an isomorphism Him(M)⊗R S
∼= HimS(M ⊗R S). Moreover, one also sees that
F nR(M)⊗R S =M ⊗R
nR⊗R S ∼= M ⊗R
nS = (M ⊗R S)⊗S
nS = F nS (M ⊗R S).
Therefore Him(F
n
R(M)) ⊗R S
∼= HimS(F
n
S (M ⊗R S)) as S-modules, and ℓS(H
i
mS(F
n
S (M ⊗R
S))) = ℓS(H
i
m(F
n
R(M)) ⊗R S). Then, since mS is the maximal ideal of S and S is flat,
ℓR(H
i
m(F
n
R(M))) = ℓS(H
i
m(F
n
R(M))⊗R S).
Let q be a prime ideal of S and let p = q ∩ R. Then Rp → Sq is faithfully flat, so, if
pdMp < ∞ and F is a finite free resolution of Mp, then F ⊗Rp Sq is a finite free resolution
of Mp ⊗Rp Sq.
Next, we note that the extension R → S has Cohen-Macaulay fibers by [5, Theorem 4.1]
and use the corresponding property of excellent rings.
Last, we observe that if R is excellent and equidimensional, then R̂ is also equidimensional.
Furthermore, by Cohen’s structure theorem R̂ is a homomorphic image of a power series ring
A = k[[x1, . . . , xd]], say R̂ = A/I. In this case, by the construction, S = B/IB for B =
k∞[[x1, . . . , xd]]. An old result of Chevalley ([10, Prop. 9]) states that dimA/P = dimB/Q
for any prime P of A and any minimal prime ideal Q of PB. Now, the claim follows by
applying the Chevalley’s result to the minimal primes of I. 
3. Existence of limits
Our first theorem allows us to pass from fMgHK(n) to a more tractable sequence; hence we
will be able to use Seibert’s theorem. The proof is based on the local duality which says
that Him(M)
∼= (Hd−i(Hom(M,DR)))
∨, where DR is used to denote the dualizing complex
of a local ring R and M is a finitely generated module. We should remark that a complete
ring always admits a dualizing complex, since it is an image of a regular local ring. We will
also use that if R is equidimensional and catenary, then the dualizing complex localizes, so
(Hn(DR))p ∼= H
n(DRp).
Before we start the proof, we record a technical lemma based on the derived Hom-tensor
adjunction.
Lemma 3.1. Let (R,m) be a F -finite local ring with the dualizing complex DR and let
S = nR. Let M be a finitely generated R-module such that IPD(M) ⊆ {m} and let F be its
free resolution. Then
Hd−k
(
RHom(M
L
⊗R S,DR)
)
∼= Hd−k(F ∗ ⊗R DS)
Proof. We are going to use the spectral sequence
Epq2 = H
p
(
HomR(H
−q(M
L
⊗R S), DR)
)
=⇒ Hp+q
(
RHom(M
L
⊗R S,DR)
)
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to compute Hd
(
RHom(M
L
⊗R S,DR)
)
. Because M has finite projective dimension on the
punctured spectrum, Corollary 2.7 shows that H−i(M
L
⊗R S) = Tor
R
i (M,S) has finite length
for any i > 0. Therefore, by the local duality
Hd−i
(
HomR(H
i(M
L
⊗R S), DR)
)
∼=
(
Him
(
TorRi (M,S)
))∨
= 0
for all i > 0. Hence the spectral sequence collapses and shows the isomorphism
Hd−k
(
HomR(M ⊗R S,DR)
)
∼= Hd−k
(
RHom(M
L
⊗R S,DR)
)
.
Since S is finite over R, by the derived Hom-tensor adjunction
RHom(M
L
⊗R S,DR) ∼= RHom(M,RHom(S,DR)) ∼= RHom(M,DS).
Now, we may use the well-known isomorphism and get that
Hd−k(RHom(M,DS)) ∼= H
d−k(HomR(F,DS)) ∼= H
d−k(F ∗ ⊗R DS).
Thus, after combining the steps, we have proved that
Hd−k
(
RHom(M
L
⊗R S,DR)
)
∼= Hd−k(RHom(M,DS)) ∼= H
d−k(F ∗ ⊗R DS).

Another auxillary lemma uses Seibert’s theorem to analyze limits involving the homology
of the dualizing complex. For convenience, the depth of the zero module is taken to be ∞.
Lemma 3.2. Let (R,m) be an equidimensional F -finite local ring of dimension d > 0 and
M a finitely generated R-module such that IPD(M) ⊆ {m}. Let d > k ≥ 0 be a fixed integer
such that R satisfies (Sk+1) on the punctured spectrum. Furthermore, assume that for all
prime ideals p 6= m at least one of the following conditions holds:
(1) Rp is Cohen-Macaulay,
(2) Mp is free,
(3) or depthMp ≥ dimRp − d+ k + 2.
Then, for any integers j > 0, i ≥ 0 such that i+ j ≥ d− k − 1
lim
n→∞
ℓ(ExtiR(M,
nHj(DR)))
qd
= 0.
Proof. Let Ci be the family of all finitely generated modulesX such that SuppX ⊆ SuppH
i(DR).
We claim that the assumptions imposed on the primes p 6= m guarantee that ExtjR(M,X)
has finite length for all i, j > 0 such that i + j ≥ d − k − 1 and all X ∈ Ci. Namely, we
will show that for any prime p in the punctured spectrum either Hi(DR)p = 0 or pdMp < j.
Thus the claim is true if we assume that Mp is free.
Since R is equidimensional, Hi(DR)p = H
i(DRp), and, by local duality, H
i(DRp) is dual
to H
dimRp−i
p (Rp). Hence H
i(DR)p = 0 whenever depthRp > dimRp − i. So, if Rp is Cohen-
Macaulay, Hi(DRp) = 0 for all i > 0 and all j.
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Last, assume that depthMp ≥ dimRp− d+ k+2. Then by by the Auslander-Buchsbaum
formula
pdMp = depthRp − depthMp ≤ depthRp − dimRp + d− k − 2.
Therefore, if j ≥ pdMp, then
i ≥ d− k − 1− j ≥ d− k − 1− (depthRp − dimRp + d− k − 2) = dimRp − depthRp + 1.
And, as explained above, this implies that Hi(DR)p = 0.
By our claim, we can apply Theorem 2.4 to the family Ci and the function g(X) =
ℓ(ExtjR(M,X)) when i, j ≥ 0 and i + j ≥ d − k − 1. Since dimH
i(DR) ≤ d − i, Seibert’s
theorem shows that
lim
q→∞
ℓ
(
ExtjR(M,
nHi(DR))
)
qd
= 0
for any i > 0.
Now, we need to analyze the modules HomR(M,
nHd−k(DR))). Since R satisfies (Sk+1) on
the punctured spectrum, Hmp (Rp) = 0 for all m ≤ min(k, dimRp − 1), so H
j(DR)p = 0 if
j = dimRp − m ≥ max(1, dimRp − k). Therefore, if j ≥ max(d − k − 1, 1), then H
j(DR)
has finite length and we can apply Seibert’s theorem to the function Hom(M,X) on Cj . It
follows from the theorem that for all such j
lim
q→∞
ℓ
(
HomR(M,
nHj(DR))
)
qd
= 0.

Theorem 3.3. Let (R,m) be an equidimensional F -finite local ring of dimension d > 0 and
M a finitely generated R-module such that IPD(M) ⊆ {m}. Let d > k ≥ 0 be a fixed integer
such that R satisfies (Sk+1) on the punctured spectrum. Furthermore, assume that for all
prime ideals p 6= m at least one of the following conditions holds:
(1) Rp is Cohen-Macaulay,
(2) Mp is free,
(3) or depthMp ≥ dimRp − d+ k + 2.
Then,
lim
n→∞
1
qd
(
ℓ
(
Hkm(F
n(M))
)
− ℓ(Extd−kR (M,
nH0(DR)))
)
= 0.
Proof. Since R is F -finite, it is excellent by the work of Kunz ([26, Theorem 2.5]), so we can
assume that R is complete and has a perfect residue field by Proposition 2.8.
By the local duality and Lemma 3.1 applied to S = nR,
Hkm(M ⊗R
nR) ∼=
(
Hd−k
(
RHom(M
L
⊗R
nR,DR)
))∨ ∼= (Hd−k(F ∗ ⊗R DnR))∨.
Now, we will compute ℓ
(
Hd−k(F ∗ ⊗R DnR)
)
using the spectral sequence
Epq2 = H
p(F ∗ ⊗R H
q(DnR)) =⇒ H
p+q(F ∗ ⊗R DnR).
Since DnR =
nDR and since the restriction of scalars is exact, H
q(DnR) =
nHq(DR). Hence
Ep,q2 = Ext
p
R(M,
nHq(DR)).
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We claim that for any i > 0 the contribution of Ed−k−i,i
∞
to Hd−k(F ∗⊗DS) is o(q
d). First,
observe that the entry Ed−k−i,is+1 is a quotient of a submodule of E
d−k−i,i
s , so ℓ(E
d−k−i,i
s+1 ) ≤
ℓ(Ed−k−i,is ) ≤ ℓ(E
d−k−i,i
2 ). But by Lemma 3.2
lim
q→∞
ℓ(Ed−k−i,i2 )
qd
= lim
q→∞
ℓ(Extd−k−iR (M,
nHi(DR)))
qd
= 0.
We also need to estimate the contribution of Ed−k,0
∞
. Because for any s ≥ 2 the map on
the sth sheet from Ed−k,0s is zero, E
d−k,0
s+1 is the cokernel of E
d−k−s,s−1
s → E
d−k,0
s . Thus
ℓ(Ed−k,0s ) ≥ ℓ(E
d−k,0
s+1 ) ≥ ℓ(E
d−k,0
s )− ℓ(E
d−k−s,s−1
s ) ≥ ℓ(E
d−k,0
s )− ℓ(E
d−k−s,s−1
2 ).
Since our spectral sequence converges after d− k steps, repeatedly applying the inequalities
above we obtain that
ℓ(Ed−k,02 ) ≥ ℓ(E
d−k,0
∞
) ≥ ℓ(Ed−k,02 )−
d−k∑
s=2
ℓ(Ed−k−s,s−12 ), i.e.,
d−k∑
s=2
ℓ
(
Extd−k−sR (M,
nHs−1(DR))
)
≥ ℓ
(
Extd−kR (M,
nH0(DR))
)
− ℓ
(
Ed−k,0
∞
)
≥ 0.
However, (d − k − s) + (s − 1) = d − k − 1, so by Lemma 3.2 the left-hand side is o(qd).
Therefore,
lim
n→∞
1
qd
(
ℓ
(
Hd−k(F ∗ ⊗R DnR)
)
− ℓ
(
Extd−kR (M,
nH0(DR))
))
= 0.
Now the claim follows, since by Remark 2.6 if the residue field is perfect
ℓR(H
k
m(M ⊗R
nR)) = ℓnR(H
k
m(M ⊗R
nR)) = ℓR(H
k(F n(M))).

This theorem allows us to prove the existence of egHK(M) (and a bit more), as long as we
are able to get the limit for the Ext from Seibert’s theorem. The following corollaries are all
instances of this strategy.
Corollary 3.4. In the assumptions of the theorem, if pdRp Mp < d − k on the punctured
spectrum, then
lim
n→∞
ℓR
(
Hkm(F
n(M))
)
pnd
exists.
Proof. Since pdRp Mp < d − k on the punctured spectrum, Ext
d−k
R (M,X) has finite length
for any finite module X . Hence
lim
n→∞
ℓR
(
Extd−kR (M,
nH0(DR))
)
pnd
exists by Seibert’s theorem, and the assertion follows from Theorem 3.3. 
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Corollary 3.5. Let (R,m) be an equidimensional local ring of dimension d. Suppose that
either R is Cohen-Macaulay or excellent and Cohen-Macaulay on the punctured spectrum.
Let M be a finitely generated R-module such that pdRp Mp < d−k on the punctured spectrum,
then
lim
n→∞
ℓR
(
Hkm(F
n(M))
)
pnd
exists.
In particular, if M is locally free on the punctured spectrum, the limit above exists for all
k < d.
Proof. The Artinian case follows from Seibert’s theorem, so assume d > 0. Using the con-
struction in Proposition 2.8, we can assume that R is F -finite without affecting relevant
issues, so we can apply the previous corollary. 
As particular cases we obtain the following corollaries.
Corollary 3.6. Let (R,m) be a Cohen-Macaulay local ring, or an equidimensional excellent
local ring that is Cohen-Macaulay on the punctured spectrum. SupposeM is a finite R-module
such that IPD(M) ⊆ {m}. Then egHK(M) exists.
Corollary 3.7. Let (R,m) be an equidimensional excellent local ring and M be a finite
module. Assume that for any prime p 6= m, pdMp < ∞ and either Rp is Cohen-Macaulay
or Mp is free. Then egHK(M) exists.
In particular, egHK(M) exists for any finitely generated module M , such that dimM ≤ 1
and IPD(M) ⊆ {m}.
Proof. The first part follows from Corollary 3.4. If dimM = 1, then for any prime ideal p
of dimension one, Mp is a finite length module of finite projective dimension, so the New
Intersection Theorem implies that Rp is Cohen-Macaulay. 
Corollary 3.8. Let R be an equidimensional excellent local ring which is (S1) on the punc-
tured spectrum and M be a finite module, that is locally free on the punctured spectrum. Then
egHK(M) exists.
Corollary 3.9. Let (R,m) be an equidimensional excellent isolated singularity, then egHK(M)
exists for any finitely generated module M .
It follows from the proof of Theorem 3.3, that an upper bound exists in more general
situation, since we only need to control the (d− k)th diagonal of the spectral sequence.
Theorem 3.10. Let (R,m) be an equidimensional F -finite local ring of dimension d > 0 and
M be a finitely generated R-module, such that IPD(M) ⊆ {m}. Let k ≥ 0 be an integer, and
assume that for all prime ideals p 6= m one of the following holds: Rp is Cohen-Macaulay,
Mp is free, or depthMp ≥ dimRp − d+ k + 1. Then, if R satisfies (Sk) and pdMp < d− k
on the punctured spectrum,
ℓ
(
Hkm(F
n(M))
)
= O(qd).
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Proof. We follow the proof of Theorem 3.3 for k − 1. Lemma 3.2 is still applicable, and we
only need to estimate the contribution of Ed−k,0
∞
. Since
ℓ
(
Extd−kR (M,
nH0(DR))
)
= ℓ(Ed−k,02 ) ≥ ℓ
(
Ed−k,0
∞
)
,
we just estimate that the left-hand side is O(qd) by Theorem 2.4. Seibert’s theorem is
applicable, because pdMp < d− k on the punctured spectrum, so Ext
d−k
Rp
(Mp, X) = 0 for all
X and all p 6= m. 
It follows that an upper bound for the generalized Hilbert-Kunz function exists quite
generally.
Corollary 3.11. Let (R,m) be a formally equidimensional local ring. Then e+gHK(M) is finite
for any finite R-module M such that IPD(M) ⊆ {m}.
Proof. We just note that depthMp ≥ dimRp − d + 1 is trivially true on the punctured
spectrum. Thus there is no need in extra assumptions, in particular, since we do not need
to preserve the Cohen-Macaulay locus. 
The following simple lemma shows that existence of the limit of H0m(Tor1(M,
nR)) follows
from existence of egHK(syzM).
Lemma 3.12. Let (R,m) be a formally equidimensional local ring of positive depth. Then
H0m(Tor
R
1 (M,
nR)) ∼= H0m(F
n(syzM)).
Proof. From a long exact sequence for tensor product
0→ TorR1 (M,
nR)→ F n(syzM)
f
−→ F n(F )→ F n(M)→ 0
we obtain exact sequences of local cohomology:
0→ H0m(Tor
R
1 (M,
nR))→ H0m(F
n(syzM))→ H0m(K)
and
0→ H0m(K)→ H
0
m(F
n(F )),
where K = im f . Since F is free, F n(F ) = F , so depthF n(F ) > 0. Therefore H0m(K) = 0
and
TorR1 (M,
nR) ∼= H0m(F
n(syzM)).

Corollary 3.13. Let (R,m) be a formally equidimensional local ring of positive depth and M
be a finitely generated R-module such that IPD(M) ⊆ {m}. Then ℓ(TorRi (M,
nR)) = O(qd).
Moreover, if R is Cohen-Macaulay, then
lim
q→∞
ℓ(TorRi (M,
nR))
qd
exists for any i and is equal to egHK(syz
iM).
Proof. If dimR = 0, M has finite length, so the result follows from Seibert’s theorem.
The general case follows from the lemma above. We only want to comment that TorRi (M,
nR)
has finite length by Corollary 2.7. 
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Next we want to discuss applications to projective varieties over a field of positive char-
acteristic. In this situation our results can be used to prove that certain limits, recently
studied by Brenner in [7], exist.
Corollary 3.14. Let X be a polarized projective variety over a field k of characteristic p of
dimension d, with a fixed very ample invertible sheaf OX(1). Let F be a vector bundle on
X. Then for each 0 < k < dimX the limit
lim
n
∑
m∈Z h
k((F n∗F)(m))
pn(d+1)
exists if X is (Sk+2).
Proof. We embed X into a projective space using OX(1) and let R be the local ring at the
vertex of the coordinate ring of X with respect to the said embedding. One can find, up to
shifts, a (non-unique) finitely generated module R-module M such that M˜ ∼= F . There are
well-known isomorphisms
Hi+1m (M)
∼= ⊕i∈ZH
i(X,F(i))
which allow us to use Theorem 3.3.

We are not able to prove the existence of the limit in the full generality, as our applications
of Seibert’s theorem require finite projective dimension on the punctured spectrum. However,
we are able to get an upper bound assuming a well-known conjecture.
Definition 3.15. A moduleM over a local ring (R,m) satisfies condition (LC) if there exists
integer l such that
mlq H0m(F
n(M)) = 0
for all q.
This condition appeared from the work on localization of tight closure (for example, see
[25, Theorem 6]). In fact (see the discussion after Corollary 3.2 in [23]), if all cyclic modules
R/I satisfy (LC) then being weakly F -regular implies F -regular.
The following proposition was further generalized by Adela Vraciu ([36]) who showed
that under assumptions of the proposition then egHK(M) exists and, in fact, the generalized
Hilbert-Kunz function is a linear combination of the classical Hilbert-Kunz functions of finite
length modules. Because our proof is short and different, we decided to leave it be.
Proposition 3.16. Let (R,m) be a local ring that satisfies countable prime avoidance. If
all finitely generated modules over R satisfy (LC) then e+gHK(M) is finite for any finitely
generated module M .
Proof. We proceed by induction on dimM , the base case dimM = 0 follows from Theo-
rem 2.4. Let S be the countable set ∪nAss(F
n(M)) \ {m}. By assumption one can find
x ∈ ml such that x is not in any prime of S. We know that xq H0m(F
n(M)) = 0 for all q.
Consider the exact sequence
0→ H0m(F
n(M))→ F n(M)→ C → 0.
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We claim that x is a nonzerodivisor on C. Clearly, depthC > 0, so it suffices to show that
Ass(C) ⊆ S. Let p ∈ Ass(C) and consider the localization of the sequence above at p. Since
p is not m, it follows that F n(M)p ∼= Cp, so p ∈ S. The claim follows.
After tensoring the exact sequence with R/(xq), and using that TorR1 (C,R/(x
q)) = 0 and
xq H0m(F
n(M)) = 0 we obtain:
0→ H0m(F
n(M))→ F n(M)/xqF n(M)→ C/xqC → 0.
After taking local cohomology of this sequence, we get the embedding
0→ H0m(F
n(M))→ H0m (F
n(M)/xqF n(M)) .
Moreover, applying the right-exact functor F n(−) to the exact sequence
0→ M
x
−→M →M/xM → 0,
we see that F n(M)/xqF n(M) = F n(M/xM). Thus, H0m(F
n(M)) can be embedded in
H0m(F
n(M/xM)), and, since dimM/xM < dimM , the result follows by induction. 
It is well-known that R has countable prime avoidance if it is complete ([9]), or if the
residue field is uncountable.
It remains an open problem whether egHK(M) exists if M satisfies (LC).
4. Positivity of egHK(M)
It is well-known that the Hilbert-Kunz multiplicity of a finite length module is positive, so
it is natural to study whether the same holds for the generalized version. Surprisingly, it is
indeed positive over a complete intersection unless if the module has non-maximal projective
dimension.
First we establish a special case which will be used in the key result, Corollary 4.5. A part
of the proof easily follows from the general result in the previous section, but we need it to
get the full statement.
Lemma 4.1. Let (R,m) be a local Gorenstein ring and M be a module of finite projective
dimension. If pdRM ≤ k and pdRp Mp < k on the punctured spectrum, then
lim
n→∞
ℓ(Hd−km (F
n(M)))
qd
exists.
Moreover, the limit is positive if and only if pdRM = k.
Proof. If pdRM < k, then for any n, by Theorem 2.6, pdF
n(M) < k . Hence depth(F n(M)) >
d− k, so Hd−km (F
n(M)) = 0 for all n and there is nothing to prove.
Thus we assume pdRM = k. Consider a minimal resolution of M :
0→ Fk
δd−→ Fk−1
δk−1
−−→ · · ·
δ1−→ F0 → M → 0.
By Theorem 2.6, a resolution of F n(M) would look like:
0→ Fk
δ
[q]
k−−→ Fk−1
δ
[q]
k−1
−−→ · · ·
δ
[q]
1−−→ F0 → F
n(M)→ 0.
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It follows that ExtkR(F
n(M), R)) is the cokernel of the map Fk−1
δ∗k
[q]
−−→ Fk where δ
∗ represents
the transpose matrix of δ. Thus we obtain that ExtkR(F
n(M), R)) ∼= ExtkR(M,R) ⊗R
nR,
and its limit exists by Theorem 2.4 applied to g(X) = ℓ(ExtkR(M,R) ⊗R X). Note that
ℓ(ExtkR(M,R)) <∞, since pdMp < k on the punctured spectrum.
Since ExtkR(M,R) 6= 0, g(X) ≥ ℓ(R/m⊗RX) for any X . In particular, g(
nR) ≥ ℓ(R/m[q]).
By Local duality, ℓ(Hd−km (F
n(M)) = ℓ(ExtkR(F
n(M), R)) = g(nR). Since eHK(R) > 0, the
generalized multiplicity will be positive too. 
Corollary 4.2. Let R be a local Gorenstein ring and M be a module of finite projective
dimension. Then egHK(M) exists, and is positive if and only if depthM = 0.
Proposition 4.3. Suppose (R,m) is a Gorenstein local ring. The following are equivalent:
(1) egHK(M) > 0 for all M such that IPD(M) = {m},
(2) egHK(M) > 0 for all M such that IPD(M) = {m} and dimM = dimR,
(3) egHK(M) > 0 for all maximal Cohen-Macaulay M such that IPD(M) = {m}.
Moreover, if R is a complete intersection, then the following condition is also equivalent to
the first three:
(4) egHK(M) > 0 for all M such that IPD(M) = {m} and depthM = 0.
Proof. Clearly (1) is the stronges condition, so we need to prove the other implications. We
can assume dimR > 0.
First we claim that egHK(M ⊕F ) = egHK(M) for a free module F . Since F is free, we have
an exact sequence
0→ F n(M)→ F n(M ⊕ F )→ F n(F )→ 0,
thus
0→ H0m(F
n(M))→ H0m(F
n(M ⊕ F ))→ H0m(F
n(F ))
is also exact. But H0m(F
n(F )) = 0 since F n(F ) = F , so we get that H0m(F
n(M)) ∼=
H0m(F
n(M ⊕ F )).
Let us prove that (3) ⇒ (2). Since R is Gorenstein and dimM = dimR, we can use the
Auslander-Bridger approximation ([3]) to get an exact sequence
0→ N →M ⊕ F → H → 0,
where N is maximal Cohen-Macaulay, F is free, and H is a module of finite projective
dimension such that depthH = depthM . From this exact sequence it is easy to see that
ℓ
(
H0m(F
n(M))
)
= ℓ
(
H0m(F
n(M ⊕ F ))
)
≥ ℓ
(
H0m(F
n(N))
)
.
Now, we prove (4) ⇒ (1). Let M be any module such that IPD(M) = {m}. By Theo-
rem 2.5 of [13], m ∈ AssF n(M) for all n > 0, so depthF (M) = 0. Therefore
egHK(M) =
1
pd
egHK(F (M)) > 0.
Note that F (M) can have finite projective dimension, but the limit is still positive by the
previous corollary. 
16 HAILONG DAO AND ILYA SMIRNOV
Theorem 4.4. Let (R,m) be a Cohen-Macaulay local ring and x be a regular element. Sup-
pose M is a finitely generated R/(x)-module such that IPD(M) ⊆ {m}. Then egHKR(M) ≤
egHKR/(x)(M).
Proof. Let d denote the dimension of R. By Proposition 2.8, we may assume that R is
complete, so it has a canonical module ωR.
Because ωR/xR ∼= ωR/xωR, by Theorem 3.3 and Corollary 3.6 we need to compare limits
egHKR/x(M) = limn→∞
ℓ
(
Extd−1R (M,
n(ωR/xωR))
)
qd−1
and
egHKR(M) = limn→∞
ℓ
(
ExtdR(M,
nωR)
)
qd
.
Since M is an R/(x)-module and x is regular, ExtdR(M,
nωR) ∼= Ext
d−1
R/(x)(M,
nωR ⊗R R/(x)).
Moreover, applying −⊗R
nωR to the exact sequence
0→ (x)→ R→ R/(x)→ 0,
one can see that nωR ⊗R R/(x) ∼=
n(ωR/x
qωR). Therefore,
egHKR(M) = limn→∞
ℓ
(
Extd−1R (M,
n(ωR/x
qωR))
)
qd
.
Since x is regular on ωR, for any m the sequence
0→ ωR/x
m−1ωR → ωR/x
mωR → ωR/xωR → 0
is exact. Since n(−) is an exact functor, this gives a filtration of n(ωR/x
qωR) by copies of
n(ωR/xωR). Applying HomR(M,−) to the filtration, we get the exact sequences
Extd−1R
(
M, n(ωR/x
(m−1)ωR)
)
→ Extd−1R (M,
n(ωR/x
mωR))→ Ext
d−1
R (M,
n(ωR/xωR))→ 0.
Therefore there is a sequence of inequalities
ℓ
(
Extd−1R (M,
n(ωR/x
mωR))
)
≤ ℓ
(
Extd−1R (M,
n(ωR/xωR))
)
+ ℓ
(
Extd−1R (M,
n(ωR/x
(m−1)ωR))
)
.
Thus ℓ
(
Extd−1R (M,
n(ωR/x
qωR))
)
≤ qℓ
(
Extd−1R (M,
n(ωR/xωR))
)
and the assertion follows.

Corollary 4.5. Suppose (R,m) is a local complete intersection and M such that IPD(M) ⊆
{m}. Then egHK(M) > 0 unless depthM > 0 and pdRM <∞ (i.e., pdRM < dimR).
Proof. If pdRM <∞, the statement follows from Corollary 4.2, so we are left to prove that
egHK(M) > 0 for all modules M such that IPD(M) = {m}. Thus, by Proposition 4.3, we
can assume that depthM = 0.
Moreover, as explained in Proposition 2.8, we may assume that R is complete. Hence
R = S/(x) for a regular local ring R and a regular sequence x = x1, . . . , xt.
By Corollary 4.2, we know that egHKS(M) > 0. Now, we can apply Theorem 4.4 to get
0 < egHKS(M) ≤ egHKS/x1(M) ≤ · · · ≤ egHKR(M).

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As the following example shows, the statement is not true without the condition on
IPD(M). It is also not enough to assume that R is Gorenstein ([13, Example 3.2] TODO:
CHECK and INCLUDE BELOW).
Example 4.6. Let R = k[[x, y, z]]/(x2y − z2), with char k = 2. Then (x, z)[q] = (xq), so
egHK(R/(x, z)) = 0, but pdR/(x, z) =∞.
Corollary 4.7. Let (R,m) be a local complete intersection with isolated singularity. For a
finitely generated module M , the following are equivalent:
(1) fMgHK(n) = 0 for all n (i.e., depthF
n(M) > 0 for all n),
(2) egHK(M) = 0,
(3) pdRM < dimR.
Proof. (1) ⇒ (2) is trivial, (2) ⇔ (3) is Corollary 4.5. If pdRM < ∞, pdR F (M) = pdRM
by Theorem 2.6, and (3) ⇒ (1) follows. 
The next corollary gives an asymptotic version of rigidity of nR over complete intersection
([6]) for a particular class of modules.
Corollary 4.8. Suppose (R,m) is a local complete intersection andM is such that IPD(M) ⊆
{m}. Then for any i > 0
lim
n→∞
ℓ
(
TorRi (M,
nR)
)
qd
exists and is 0 if and only if pdRM <∞.
Proof. If dimR = 0, then M has finite length and we are done by the rigidity of nR. Hence
we may assume that dimR > 0.
As it follows from Lemma 3.12 and Corollary 3.13,
lim
n→∞
ℓ
(
TorRi (M,
nR)
)
qd
= egHK(syz
iM).
Since depth(syziM) > 0, it follows from Corollary 4.5 that pdRM < ∞ if and only if
egHK(syz
iM) = 0. 
Theorem 4.9. Let (R,m) be a local complete intersection and F• be a complex of finite free
modules. For an integer i assume that IPD (coker(Fi → Fi−1)) ⊆ {m} and Hi(F•) has finite
length. Then for G(X) = Hi(F• ⊗X) we have
lim
n→∞
ℓ(G(nR))
qd
= 0⇒ Hi(F•) = 0.
Moreover, if dimR > 0 then the following are equivalent:
(1) lim
n→∞
ℓ(G(nR))
qd
= 0.
(2) Hi(F•) = 0 and pdR coker(δi) <∞.
Proof. Assume that the first condition holds. Let C = coker(Fi → Fi−1). By a theorem of
Auslander and its proof (see [21, Proposition 3.6]) there exists an exact sequence of functors
(4.1) TorR2 (C,X)→ G(R)⊗X → G(X)→ Tor
R
1 (C,X)→ 0.
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Hence,
if lim
n→∞
ℓ(G(nR))
qd
= 0 then lim
n→∞
TorR1 (C,
nR)
qd
= 0.
Therefore, pdRC < ∞ and both Tor-modules vanish by Corollary 4.8, so we have an iso-
morphism G(R)⊗ nR ∼= G(nR). But
lim
n→∞
ℓ(G(R)⊗ nR)
qd
= 0
if and only if G(R) = 0, i.e., if Hi(F•) = 0.
The other direction easily follows from the sequence 4.1 above. 
Corollary 4.10. Let (R,m) be a complete intersection and M be a finitely generated R-
module such that IPD(M) ⊆ {m}. Then for any i
lim
n→∞
ℓ
(
ExtiR(M,
nR)
)
qd
= 0⇒ ExtiR(M,R) = 0.
Proof. Consider the complex F• = HomR(P•, R), where P• is a free resolution of M . We
can compute Ext by taking homology of F•⊗
nR and the assumptions on M will force F• to
satisfy the conditions of the last theorem. 
The converse to this corollary is not true. Indeed, if M and N are maximal Cohen-
Macaulay modules over a hypersurface R, then we have (e.g., from Sequence 4.1):
Ext1R(M,N)
∼= TorR1 ((syzM)
∗, N).
Thus, if N = nR, we know that Ext1R(M,R) = 0 but the limit is positive.
Corollary 4.11. Suppose (R,m) is a local complete intersection of dimension d > 0 and M
is a finitely generated R-module such that IPD(M) ⊆ {m}. Let i > d− depthM . Then
lim
n→∞
ℓ
(
ExtiR(M,
nR)
)
qd
= 0 if and only if pdRM <∞.
Proof. One direction is trivial.
For the other direction, set N = syzi−1M . Then N is a maximal Cohen-Macaulay module
such that ExtiR(M,
nR) = Ext1R(N,
nR). By Theorem 4.9, the first cosyzygy of N∗ has finite
projective dimension, thus N is free. Therefore, pdM <∞. 
Theorem 4.12. Suppose (R,m) is a local complete intersection of dimension d and M is a
finitely generated module such that IPD(M) ⊆ {m}. Assume that depthM ≥ k, then
lim
n→∞
ℓ
(
Hkm(F
n(M))
)
qd
= 0 if and only if pdRM < d− k.
Proof. When pdRM < dimR− k, the limit is zero by Lemma 4.1.
For the other direction, use induction on k. The base is Corollary 4.5, so we assume that
k > 0.
We can use Cohen-Macaulay approximation ([4, 1.8]) to obtain an exact sequence
0→M → Q→ N → 0,
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where pdQ ≤ d − k and N is a maximal Cohen-Macaulay module. Tensoring with nR we
obtain
0→ TorRi (N,
nR)→ F n(M)
g
−→ F n(Q)→ F n(N)→ 0.
Let C = im g, then, since TorRi (N,
nR) has finite length, Hkm(F
n(M)) = Hkm(C). Moreover,
depthQ ≥ k, so the long exact sequence for local cohomology gives that
0→ Hk−1m (F
n(N))→ Hkm(C).
Therefore,
lim
n→∞
ℓ
(
Hk−1m (F
n(N))
)
qd
≤ lim
n→∞
ℓ
(
Hkm(F
n(M))
)
qd
= 0.
Hence, by induction hypothesys, pdN < ∞, and, so, N is free. Therefore, pdM ≤ d − k
and we can use Lemma 4.1 to finish the proof. 
Remark 4.13. The assumption on depthM is necessary. For example, let R be a regular
local ring of dimension d > 1, and M be locally free on the punctured spectrum such that
depthM = 0. By Theorem 3.3, ℓ(H1m(F
n(M))) = ℓ(Extd−1R (M,
nR)), so, by Theorem 4.9,
lim
n→∞
ℓ(H1m(F
n(M)))
qd
= 0
if and only if Extd−1R (M,R) = 0. Thus, if we take M = R⊕ k, then
lim
n→∞
ℓ(H1m(F
n(M)))
qd
= 0.
However pdM = d.
Next we discuss an application on local cohomology of symbolic powers of reflexive ideals.
We start with a simple, and perhaps well-known Proposition.
Proposition 4.14. Let (R,m) be a local ring which satisfies Serre’s condition (S2) and
d = dimR ≥ 3. Let M be a finitely generated R-module which is locally free on SpecR−{m}.
Then H2m(M)
∼= H2m(M
∗∗) and they have finite length.
Proof. First, there is a natural map M → M∗∗ which has finite length kernel and coker-
nel. Then the exact sequence of local cohomology establishes the isomorphism H2m(M)
∼=
H2m(M
∗∗).
To show that these modules have finite length, we can complete and assume that R has
a dualizing complex DR. By Local duality, we have to show that H
d−2(Hom(M,DR)) has
finite length. Moreover, localizing at any prime p 6= m, we only need to concern with the
case ht p ≥ d − 2. But then Mp ∼= R
n
p , so H
d−2(Hom(M,DR))p is dual to H
ht p−d+2
pRp
(Rnp ).
However, since ht p− d+ 2 ≤ 1 and R is (S2), H
ht p−d+2
pRp
(Rnp ) = 0. 
For an ideal I, recall that I(n) denote the nth symbolic power of I. The second part of
the following Theorem is an effective version of the main result in [13].
Theorem 4.15. Let R be a local ring satisfying Serre’s condition (S2) and d = dimR ≥ 3.
Let I be a reflexive ideal that is locally free on SpecR − {m}. Then
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(1) There exist elements a, b ∈ R such that |ℓ(H2m(I
(q))) − ℓ(H0m(R/(a, b)
[q]))| is bounded
by a constant. In particular, lim
n→∞
ℓ(H2m(I
(q)))
qd
= lim
n→∞
ℓ(H2m(I
⊗q))
qd
= egHK(R/(a, b)).
(2) When R is a complete intersection, the limit in part (1) is 0 if and only if I is
principal. In particular, the Picard group of SpecR−{m} has no non-trivial torsion
elements.
Proof. First we note that ℓ(H2m(I
(q))) = ℓ(H2m(I
⊗q)) follows from the previous Proposition
and the fact that I(n) ∼= (I⊗n)∗∗.
As in the proof of [13, Theorem 2.9] one can write I = (a) : (b) for a, b ∈ R, furthermore
I(n) = (an) : bn.
Taking the long exact sequence of local cohomology of
0→ R/(aq : bq)→ R/(aq)→ R/(aq, bq)→ 0
we get an exact sequence
0→ H0m(R/(a, b)
[q])→ H1m(R/I
(q))→ H1m(R/(a
q)).
The long exact sequence of local cohomology induced by 0 → I(q) → R → R/I(q) → 0
tells us that 0 ≤ ℓ(H2m(I
(q)))− ℓ(H1m(R/I
(q))) ≤ ℓ(H2m(R)).
On the other hand, the long exact sequence of local cohomology applied to 0→ R→ R→
R/(aq)→ 0 implies that H1m(R/(a
q)) is a submodule of H2m(R), so its length is bounded.
Thus, (1) follows (for the limit statement we use Corollary 3.8). The first assertion of (2)
follows from 4.5. If I represents a torsion elements in the Picard group of SpecR − {m},
then H2m(I
(q)) must be periodic, hence the limit
lim
n→∞
ℓ
(
H2m(I
(q))
)
q3
is 0.

Remark 4.16. Part (b) of the above Theorem can be proved more directly as follows. From
the short exact sequence
0→ TorR1 (R/I,
nR)→ F n(I)→ R→ R/I [q] → 0
As TorR1 (R/I,
nR) has finite length, one obtains that H2m(F
n(I)) ∼= H2m(I
(q)). Then one can
apply Theorem 4.12.
5. More precise behavior of fMgHK(n)
Numerical evidences suggest (see Section 6) that when R has an isolated singularity, the
behavior of fMgHK(n) follows the case of classical HK functions (the condition of isolated
singularity may be necessary, see Example 6.3). We discuss this phenomenon and establish
some special cases.
Let M be a finite module over a local hypersurface (R,m). If IPD(M) ⊆ {m}, then we
can define Hochster’s theta function
θR(M,X) = ℓ(TorR2d(M,X))− ℓ(Tor
R
2d+1(M,X))
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for any module X . The following lemma is implicitly contained in [12]. We place a proof
here for convenience, but refer to the paper for more information.
Lemma 5.1. Let R be a hypersurface and M a finite R-module with IPD(M) ⊆ {m}. Then
θ(M, nR) = 0.
Proof. We consider θ(M,−) to be a function on the Grothendieck group of R. It is known
([27, Remark 2.8]), that in our assumptions [nR] = qd[R] in the Grothendieck group. There-
fore, θ(M, nR) = qdθ(M,R) = 0. 
Theorem 5.2. Let (R,m) be a local hypersurface with perfect residue field and M be a finite
R-module with depthM > 0 and IPD(M) ⊆ {m}. Then there are modules M1,M2 of finite
length such that:
fMgHK(n) =
fM1gHK(n)− f
M2
gHK(n)
2
.
Proof. First, consider the Auslander-Buchweitz approximation ([4, 1.8]) ofM . Namely, there
exists an exact sequence
0→M → Q→ L→ 0,
where pdQ < ∞ and L is maximal Cohen-Macaulay. Tensoring with nR we obtain the
sequence
0→ TorR1 (L,
nR)→ F n(M)
g
−→ F n(Q)→ F n(L)→ 0.
Let C = im(g), then, since TorR1 (L,
nR) has finite length, we have the following exact sequence
of local cohomology
0→ TorR1 (L,
nR)→ H0m(F
n(M))→ H0m(C)→ 0.
Note that depthF n(Q) = depthQ > 0 and C injects into F n(Q), thus H0m(C) = 0. Hence it
is enough to prove the statement replacing fMgHK by ℓ(Tor
R
1 (L,
nR)).
There is a m-primary ideal I (see [14]) that kills all functors TorRi (L,−) for i > 0, so we
can choose an L-regular element x ∈ I. Then the sequence 0 → L
x
−→ L→ L/xL → 0 gives
that:
0→ TorRi+1(L,
nR)→ TorRi+1(L/xL,
nR)→ TorRi (L,
nR)
x
−→ 0
for i ≥ 1.
By the previous lemma and the fact that the minimal resolution of L is 2-periodic, we get
that ℓ(TorRi+1(L/xL,
nR)) = 2ℓ(TorRi (L,
nR)). Now, L/xL still has finite projective dimension
on the punctured spectrum and its minimal resolution, thus Tori, are still 2-periodic for i > 1,
so we can choose another element y ∈ I regular on L/xL and apply the same argument.
This way, we continue choosing L-regular sequence x in I to get that ℓ(TorRi+d(L/xL,
nR)) =
2dℓ(TorRi (L,
nR)) and the result follows from the next lemma. 
Lemma 5.3. Let R be a Cohen-Macaulay local ring and M be a module of finite length.
Then for each i > 0 there are finite length modules M1,M2 such that:
ℓ(TorRi (M,
nR)) = fM1gHK(n)− f
M2
gHK(n).
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Proof. Let x be a regular sequence in the annihilator of M . Then there is an exact sequence
0→ N → (R/xR)m → M → 0.
If i = 1, tensoring with nR, we obtain the exact sequence
0→ TorR1 (M,
nR)→ F n(N)→ F n((R/x)m)→ F n(M)→ 0,
so we can take M1 = M ⊕ N and M2 = (R/xR)
m. For i > 1, we get that TorRi (M,
nR) ∼=
TorRi−1(N,
nR), and the result follows by induction. 
Example 5.4. Let R = k[[x, y, z]]/(x3 + y3 + z3) and M = R/I with I = (x, y + z). We
know that z2 kills all Tor and Ext of MCM modules. We have an exact sequence
0→ M → Q→ I → 0
where pdRQ <∞. Thus
fMgHK = ℓ(Tor
R
1 (I,
nR)) = ℓ(TorR2 (R/I,
nR)) =
ℓ(TorR1 (R/(I, z
2), nR)
2
.
The short exact sequence 0 → R/(x, z2) : y + z → R/(x, z2) → R/(I, z2) → 0 implies then
that: fMgHK =
f
R/(x,z2,y2−yz)
gHK +f
R/(I,z2)
gHK −f
R/(x,z2)
gHK
2
.
Macaulay 2 calculation indicates that the functions are 4(q
2−1)
3
, 16q
2
−4
3
, 10q
2
−4
3
, 6q2 respec-
tively.
6. Numerical evidences and examples
In this section we collect and comment on some numerical evidences involving egHK(M).
Most of our examples here were performed using the software MACAULAY 2. This numerical
data helped us formulate the results in Section 5 and in addition has inspired several works
since our preprint became available ([8, 18, 19, 36]).
Example 6.1. Let R = k[[x, y, u, v]]/(xy−uv) where k is algebraically closed of characteristic
p > 2. For a module M of positive depth, We can compute fMgHK(n) as follows:
Let M1 = (x, y) and M2 = (x, v). It is known that (see for example [37]) M1 and M2 are
the only nonfree indecomposable maximal Cohen-Macaulay modules. Moreover, there exists
a decomposition
nR = Raq ⊕Ma1 ⊕M
b
2 ,
where a = b = q
d
−aq
2
.
One can check that TorR1 (M1,M2) = 0 and Tor
R
1 (M1,M1) = Tor
R
1 (M2,M2) = 1. Let
N = Rm ⊕M c1 ⊕M
d
2 be a decomposition of a maximal Cohen-Macaulay module N obtained
from a maximal Cohen-Macaulay approximation of M . We know that
ℓ(H0m(F
n(M)) = ℓ(TorR1 (N,
nR)) = ca + db = (c+ d)
qd − aq
2
.
Example 6.2. There is some numerical evidence that over a normal graded domain of
dimension two, fMgHK(n) = cq
2 + γ(n) where γ is a bounded (even periodic) function. For
example:
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(1) Consider R = k[[x, y, z]]/(x3+y3+z3) and M = R/(x, y+z). Macaulay2 calculations
suggest that fMgHK is
4(q2−1)
3
for k = F2, F5, F7, F11. Compare with f
k
gHK =
9q2−5
4
!
(2) For R = F3[[x, y, z]]/(x
4 + y4 − z4), M = R/(x, y2 − z2), and N = R/(x, y − z)
Macaulay2 suggests that fMgHK = 3q
2 − 3 and fNgHK =
9(q2−1)
4
.
(3) For R = F2[[x, y, z]]/(x
5+ y5− z5)(or F3) and M = R/(x, y− z), computations show
that fMgHK =
16q2−γ(n)
5
with γ(n) = 24 for odd n and = 16 for even n.
Example 6.3. Here are some examples showing that the behavior of fMgHK is not similar
to the finite length case without the assumption on IPD(M). The point is that the second
coefficient is not 0 as is the case for dimension 2 and classical Hilbert-Kunz functions.
(1) When R = k[[x, y, t]]/(x4 + tx2y2 + y4), and M = R/(x, y), fMgHK = q − 2.
(2) When R = k[[x, y, t]]/(x4 + txy2 + y4), and M = R/(x, y), fMgHK = q
2/4 + q − 2 for
k = F2 and q > 2. For k = F3,F5, it is (q
2 − 13)/4 + q.
(3) Let R = k[[x, y, t]]/(x3 + txy + y3), and M = R/(x, y). Then for k = F2, f
M
gHK =
q2+2q−γ(q)
3
. For k = F3, it is
q2+2q−3
3
. For k = F5, it is
q2+2q−γ(q)
3
. For k = F7, it is
q2+2q−3
3
. For k = F11, it is
q2+2q−γ(q)
3
. Where γ(n) = 3 for odd n and = 5 for even.
The formula seems to depend on whether q = 1 mod 3.
(4) When R = F2[[x, y, t]]/(x
3+ txy+ y3), and M = R/(x3, y3), we get 3q2+2q− 1. For
M = R/(x2, y2, xy) we get q2 + q − 2.
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